Positivity (2023) 27:4 0ge o

https://doi.org/10.1007/511117-022-00958-2 POSItIVIty
Check for
updates

Belonging of Gel'fand integral of positive operator valued
functions to separable ideals of compact operators on
Hilbert space

Mihailo Krsti¢! - Matija Milovi¢' - Stefan Milo3evi¢'

Received: 22 September 2022 / Accepted: 10 November 2022
© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2022

Abstract

We provide some sufficient and necessary conditions for weak™* integral of operator
valued function to belong to ideals of compact operators. Also, implications of such
inclusions are considered, specially in the case of compact operators. Applications are
given as well.
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1 Introduction

Throughout the paper, we will denote by B (H) and C, (H) spaces of all bounded and
all compact linear operators respectively acting on a separable, infinite-dimensional,
complex Hilbert space H. For a symmetric norming (s.n.) function ¢ defined on
sequences, we will denote by ||-||¢ symmetric norm or a unitarily invariant (u.i.) norm

on operators. The latter is defined by || X||¢ af D((5,(X));2 ), where s1(X) >
s2(X) > - - - are the singular values of operator X. Also, such norms will be denoted
by the symbol |||-]||. Any u.i. norm [||-||| is defined on a naturally associated norm ideal
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Cj-im(H) of €x(H) and satisfies the invariance property [|UX V|| = || X]|| for all
X € €.y (H) and for all unitary operators U, V on 'H.
For a s.n. function ® and p > 1 we will denote by ®?) its (degree) p modification,

defined by
P (@22) E do (21722,

whose associated ideal consists of all complex sequences z = (z,)52; that satisfy
(Iza17)52, € Lo. Modification @ is s.n. function as well, proof of which can be
found in [6].

For example, if we denote by £ an s.n. function determing the norm in ¢!, then
functions determing the norm in £7 are exactly the p modifications £(”) of £. More
generally, by the basic properties of singular values, norm |[|-||g(» is given by the

formula

. 1
X llow < |1X1P]|2 forallX € B(H)such that|X |” € Co(H). (1.1)

Specially, in the case p = 2 we get so called Q-norms, for which (1.1) is of the form

XN @ = H‘|X|2‘ P=||x*x|[|2, X eBH) and X*X e €y (H).

We will also use notation |[||-||| (») for p modification of the norm |||-||| . Schatten tracial

d
p norms, defined as ||X||p éf by Ziozls,’f(X) for 1 < p < +oo, are exactly p

modification of the trace norm ||-||;.

Given f, g € H, we will use the notation f ® g* for one dimensional operators
f®g*:H — H:hw (h g)f and their linear span is dense in each of €, (H)
for I < p < 4o00. For a more complete account of the theory of norm ideals, the
interested reader is referred to [3] and [9].

For an operator valued (o.v.) function.«/ : Q@ — B(H) : t — <7, where (2, I, )
is a measure space (notation that will be used throughout the paper), we say to be
weakly* measurable if t — (< f, g) is measurable for all f, ¢ € H and weakly*
integrable if r — (o7 f, g)isin L' (2, ) forall f, g € H. Actually, we can conclude
a bit more, as the following lemma shows (see [8, Lemma 1.2])

Lemma 1.1 Operator valued function <7 : Q@ — B(H) is weakly™ measurable (inte-
grable) if and only if functions t +— tr(<4,Y) are measurable (integrable) for every
Y € Ci(H).

Before we proceed to the proof of lemma, we note that if functions ¢ > tr(<%Y) are
integrable for every Y € C|(H), as C;(H)* = B(H), there exists Gelfand, or weak*
integral [, &/ dp € B(H) such that

tr(/ pdu(t) Y) :/ tr(eY) du(r), forall Y € C;(H). (1.2)
Q Q
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Proof Proof we present can be found in [7].

Each one dimensional operator f ® g* is in €| (H) and there holds tro7 (f ® g*) =
tr( f ® g*) = (<, f, g), so measurability (integrability) of functions t — tr(<Y)
implies weak* measurability (integrability).

Conversely, if all scalar functions t — (< f, g) are measurable, for ¥ € C(H)
with a Schmidt expansion given by ¥ =Y °7 | 5,(Y) f ® e}, we get

(Y ) = Y su (V) S ). (1.3)
n=I

By the absolute summability of the series in (1.3) (assured by ¥ € € (H)) we get that
tr(<7Y) is measurable as pointwise limit of measurable functions.

When all scalar functions ¢t — (< f, g) are additionally integrable, to prove inte-
grability of 1 > tr(7Y) it will suffice to show that ¢: H x H — L'(Q2, u) given
by

d(f,g) =(Af,g), forallteQandf,ge™H (1.4)

defines a bounded sesquilinear mapping. Indeed in that case, by (1.3) function 7
tr(2%Y) will be a pointwise limit of L L@, absolutely summable series (guaranteed
by the convergence of Y > 5,(Y)), and therefore integrable.

To prove that ¢ is closed in both variable, we start by proving it is closed in first one.
Indeed, fix g € H and define J,: H — LY(Q, ) by T f () =(a f,g).Clearly, J,
is linear, but also a closed mapping because because || f;, — fIl + [|Tg fu — Al — 0
for some f, f, € H,n = 1,2,...and h € LI(Q, W), first implies (with passing
to a convergent subsequence if necessary) that lim,_, o J, f,(t) = h(t) for almost
every t € Q. For those t € 2, as .7 is bounded operator, we also have (¢ f,, g) —
(e f, g) as n — oo. Therefore J, f(t) = h(t) for almost every ¢t € , and by the
closed graph Theorem, J, is bounded, i.e. for some constant C; < +00 holds

[ fo )l = | Tefll < Cell £, forall fen.

By analogy, family {Z 7} rey € B(H, L' (9, 1)) defined by Trg(t) = (g, f), for
all g € H. Its subfamily {Z ¢} <1 is pointwise bounded as

sup HIngLl = sup H(;zf,f,g)HLl = sup ||Jgf}| < Cy < 400, forevery g eH.
IIf=1 lIfn=1 Ifn=t

By the uniform boundedness principle we conclude M = supy sy <1 IZ7lls 3,11y <
400 and therefore

sup |[{(<f, 8) = sup |[(FFe f) < sup | =M.
s s l= s 68 Dl = s 17
as proclaimed. -
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Hence, for a weakly* integrable function & there exist Gel’fand integral [, o7 d €
B(H), and specially

</ g/duf,g>=/ (A f.g) duo),
Q Q

for all f, g € H, and this is exactly the relation that entirely defines the operator
Jo o dp.

Before we proceed further, we note that if a function <7 takes values in some ideal
of compact operators, we can define different weak® integral, if the mentioned ideal
have a predual. Nevertheless, in this paper, we will only be interested in integrals
defined by (1.2), i.e. when .7 is considered as B(H) valued function.

Every weakly™* integrable function .7 defines a vector valued measure v on B(H)
by

V(E)=fE~<2fsz(t)-

As function ¢ — (<7 f, g) belongs to LY, w), for disjoint E,, € 91, n € N we have
f'—lneN E, (o f,gydu(t) =Y 02, fEn (<, f, g)du(t), hence the measure v is weakly
additive, but generally v is only finitely additive. In the case

v(l_l E,,) = iv(En)

neN n=1

in the norm topology, we say that a measure v is countably additive.

Also, if we denote by B(£2, u) the space of simple functions with uniform norm,
with vector measure v we have defined operator of integration 7': B(2, u) — B(H)
by

Tf = T<Xn: ckXEk) = écku(Ek).

k=1

Direct calculation shows that T is bounded by SUP| = gll=1 fQ e f, g)du(t) and
therefore T also defines an operator on L°°(€2, 1), which we will also denote by T'.
We will also use notation Tf = fQ fdv. More details about mentioned results and
vector measures in general, as well as different types of integration of vector valued
functions can be found in [2].

An example of the very useful weak* integral is [ @* o dpu = [ |/ 1> duw, with
the associated quadratic form (fQ A duf, f) = Jq .o £ 11> du(t) forall f € H,
provided by the finiteness of the last term in expression. Some constructions involving
this example can be found in [5]. Motivated by this example, as well as results in
[5], throughout this paper we are generally interested in functions .7 that consists of
positive operators. Specially we are interested in results that provides that fQ o du
belongs to some ideal, as well as implications of that inclusion.
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For the sake of completeness, we state the next technical result for positive operators.
More general result for Schatten ideals can be found in [9, Theorem 2.16].

Lemma 1.2 Let A, € B(H), for n € N, be sequence of positive operators that
converges weakly to A € B(H) and let there exist an operator B € €. (H), where
Ci-1 (H) is separable ideal, such that A,, < B, for everyn € N. Then |[|A, — Al|| —
0, asn — oo.

Proof Proof is essentially the same as the proof of [9, Theorem 2.16], so we provide
only the essential steps.

First, by letting n — oo in (A, f, f) < (Bf, f) we get A < B and moreover,
from monotonicity properties of |||-||| we also get A,,, A € €. (H), foralln € N.

Since €. (H) is separable, there exists a finite rank projection P such that for
Q =1 — P we have that ||| QB Q||| < €. Moreover, from the QA,,Q < OBQ and
QAQ < QOBQwealsoget|||QA,Q]|| < eand ||| QAQ]|| < &. By the [1, CorIV.2.6]
we also have

lare]l = llvan/anel| = [lVad], [lvVare]

1/2 1/2 172
lleanof|™ = | e

@
=l

similarly, we also get |||A Q||| < ||| B]l| 172 172, Finally, as P is a finite rank projection,
by the weak convergence of A, we get |||P(An - A)P||| — 0,asn — o0.
By the triangle inequality we get

’

o= = s wel| s~ ]« s, - 0

which converges to 0, from the previous remarks. O

We note that separability of €| () is necessary in the previous lemma. For example,
for positive B € €. (H) \ €.y (H)?, its Schmidt expansion does not converge to
B in the norm of the ideal.

Previous lemma enables us to prove countable additivity of certain operator valued
functions, more precisely

Theorem 1.3 Let o7 : Q — B(H) be weakly* integrable function, that consists of

positive operators, such that fQ o du € €. (H), where €y (H) is a separable

ideal. Then:

a) @y (H)—valued measure v(E) = [ o du is countably additive.

b) In the case of Schatten ideals C,(H), for disjoint E, € 9 we also have
ElilpEn; < +oe.

Proof As noted before, measure v is weakly additive, i.e. for each f, g € H, and for
disjoint E,, € M, where n € N, we have

> [ tetrgann = [ (et gduo. 1.5)
n=1 En l—l

n
neN
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Since o7 are positive, for any E € 91 we have

< f Adp()f, f>= / (i f. Fdu() = 0 (16)
E E

hence operator |’ g @ dju is positive as well. Similarly, for measurable £ C F we get
Jg < dp < [p o dju. Therefore, from (1.5) and (1.6), by the Lemma 1.2 we get that
> et Jg, @ dju converges in the norm of the ideal €. (H).

To prove b), we start by applying the inequality [4, Lemma 2.1.c)] to the identity
>N, fEn o du = fU,]1V=1 g, < d . for the convex function f () = 17, where p > 1
and we get

for every u. i. norm |||-]|| , where N € N is fixed. Furthermore, if we denote Ay =
fl_lfle g, @ dpand A = fUiil g, @ du, from Ay < A we get s,(Ay) < su(A),
for every n € N. Hence, from the positivity of Ay and A, we further get sn(AZ) =
s (An) < sF(A) = s,(AP) and therefore, for every u. i. norm we have |HA]’:,||| <
IIAP]||. By applying latter to the (1.7) in the case of nuclear norm [|-||; , we get

N

>

n=1

=

; 1.7

p
ﬁfrdu(t))

p
‘( N gf,er))
uEn

n=1

En

N

p p p
Z( @ftdum) < ( - wmn) = H o Adp )|
n=1 En 1 |_| En 1 |_|1 En p
n=1 n=
Again, from the positivity of operators | E, o dpu(r) we have
N p N » N p
Z( mmn) = ( Wu(t)) = ||| “dn®) .
n=1 \Y En 1 n=1 En 1 n=11V En P
and we finally get
N p p
SN[ wtdnor| <[ ctanw) -
n=11"En p n|;|1 Ey p
Since N was arbitrary, by letting N — oo we get the desired result. O

2 Main results

We start with the connection of <7 € €. (H) and [, 7 dp € €. (H). In the case
of positive nuclear operators question is answered by the next lemma.
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Lemma2.1 Let o7 Q — B(H) be weakly* integrable family, such that <7, are
positive operators for almost every t € 2. Then f o du € C1(H) if and only if
7 € C1(H) for almost every t and fQHJZ/,H du(t) < +oo.

Proof Since fQ o/ d is positive operator, by the [3, Lemma 8.1] in chapter IIL, it
belongs to € (H) if and only if Y .7 fQ o djey,, ey) < 400, where {e,}°2 | is any
orthonormal base of H. By the definition of the Gelfand integral we get

Z</Q Mdu(t>en,en>=ngwen,en)du(r). @1
n=1 n=1

Since <7 are positive operators and therefore (<7 e,, ¢,) > 0, for almost every ¢t € Q
and every n € N, by the use of Beppo Levi Theorem, (2.1) is further equal to

> / (yen, en)dpu(t) = / D (hen, en)du(n). 22)
n=1 2 Qn:l

Moreover, from the positivity of .o, we also have ||4a7, ||l = Zsozl (etien, e,). Hence,
/s o @ dpbelongs to € (H) if and only if the scalar function 7 — ||4z%l H | is integrable,
which concludes the proof of Lemma. O

In the other ideals of compact operators, previous Lemma does not hold, as the fol-
lowing example shows.

Example2.2 Let f,, ;: [0,1] — C, forn,k € Nand 1 < k < n, be defined as

;1<l‘§

1
fn,k(t) = !0: "o

elsewhere

RS

and let (g,,);’f’:l be a sequence consisting of f, x in some rearrangement. We note that
gn(t) diverges for every ¢ € [0, 1] while fol gn(®)dt — 0, asn — oo.

Let us define an o. v. function & : [0, 1] — B(H) with o = Y 77, gu(t)e, Q €},
where {e,}7° | is some basis of H. First, > .o is weakly* measurable since for
every f € 'H we get

(i f, f) = Zgnm fren)len, f Zgn(m frenl, (2.3)

n=1 n=1

which is measurable as a series of measurable functions. Moreover, since g, (f) < 1
forevery ¢ € [0, 1] and every n € N, righthand side of (2.3) can be further estimated
by

e e <Y 1 foen)l
n=1

n=1
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which is integrable function on [0, 1].
Finally, to calculate the Gel’fand integral of .2/, we have

1
<A:%mﬁf>=/’§:&aﬂfenhh }:f g (Ddt|(f, en),

or equivalently fol odp = Zi‘;l(fol gn(t)dt)e, ® ey. Since /01 gn()dt — 0, as
n — oo, the operator fol o/ du is compact. Moreover, for every fixed ¢, sequence
gn (1) consists of infinite number of 0 and 1. Therefore, < is orthogonal projection
for every t whose range is infinite dimensional. Hence, .27 is not compact operator for
any t € [0, 1].

We note that the fQ &/ du from previous example belongs to €, (H) for all 2 <
p < +o00, as it is a diagonal operator whose diagonal entries are some permutation

of the sequence
11111 1 1
L oo oy oy S ey =y e ). (2.4)
22333 n n

Hence, singular values of the operator fQ o/ dj form exactly the sequence (2.4).
Therefore

H/mwm

SOy e

m=1 m=1

m

for p > 2. Similar examples can be constructed for all other ideals non-isomorphic to
Ci(H).

We also note that the previous example is expected, firstly as the integrals involved
are not Bochner. Secondly, as some ideals lack the Radon - Nikodym property, so
even for Bochner integrals we dont have connection between < € €. (H) and
Jo < du € €y (H).

For the case of o. v. functions that takes values in compact operators, next theo-
rem provides sufficient conditions for operator fQ <7 du to be compact. Also, if the
operators in question are positive, necessary conditions are provided as well. More
precisely

Theorem 2.3 Let o7 : Q — B(H) be weakly™ integrable family, where (2, 1) is finite
measure space and <t € Coo(H) for almost all t € Q. Then:

a) If, for every e > Qthere exists § > 0 such that for every E € M, w(E) < § implies
| [z @ du| < e, then the operator [ o dp is compact
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b) If the operators <, are also positive for almost every t € Q and the operator
fQ o du is compact, then for every ¢ > 0 there exists § > 0 such that for every
E € M, w(E) < 8 implies || [, o dul| < e.

Proof To prove a), let h,, € H be sequence that weakly converges to 0. Since <7 is
compact for almost every ¢ € 2, sequence Hsz/,hn H converges to 0, for almost every
t. For ¢ > 0 fixed, let § > O be as in the conditions of the Theorem. By the Egorov’s
Theorem, there exists a measurable X such that ||¢zf,hn || uniformly converges to O on
Xsand u(2\ X5) < 6.

By the definition of Gelfand integral, for the unit vector f € H and E € 9 we
have the following inequalities

K fE dp(Ohn, f>’ - ’ /E (Aol F)dp (o)

< fE (o, f)|d() < /E o). 25)

Therefore, by taking the supremum on the lefthandside of (2.5) we get

< / (), f>‘ _ H / Adp(Ohy
E E

Finally we get

sup
Ifl=1

< / Ao || d s o).
E

= rdju(t)hy rdpu(t)hy

Q\ X5

"

/ d ()
Q

Xs

s/ Hmm”waw“/ Gdp® ||l 26
Xs Q\ X

Since the sequence (k)72 ; is weakly convergent it is bounded as well, i.e. ||h,, || <M
and since w(2\ Xs) < 8 we have || fQ\ X5 o d ,u|| < ¢&. Therefore, second summand
|ty

| uniformly converges
S|

< ¢. Hence we get

in (2.6) is smaller than Me. For the first summand, as
to 0, there exists N € N, such that for n > N we have \

/ | s ||l pu2) + H/ A dp ()| ||| < / du(t)e + Me < n(Qe + Me,
Xs Q\Xs Xs

which concludes the proof a).

To prove b), let fQ o7 dju be compact operator. First, if we observe t — <7 as a
Coo (H) valued function, by the definition of weak™ integral (in B(H)), t > tr (427, Y)
is measurable for every Y € C1(H) = C(H)*, or equivalently, r — o7 is weakly
measurable. Moreover, from the integrability of the functions # +— tr (,@7, Y ) we also
get that <7 is Dunford integrable. Now, as <7 are positive, the operator [, & du is
positive as well and, as already mentioned in the proof of Theorem 1.3, for every
E € M we have [, o/ du < [o o du. Therefore, [ o/ du is compact for every
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E € 91 and hence .« is Pettis integrable. Finally, by the [2, Theorem 5] on page 53
we get the stated result. O

Remark 2.4 In the part b) of the previous Theorem, assumption <% > 0, for almost
every t € 2, gives us that [, & diu € Coo(H) implies [ & dp € Coo(H) for every
E e 9. Since this is the only part of the proof where positivity is necessary, we note
that the Theorem is applicable for all o.v. functions .27 (not necessary positive) if we
assume that fE o di € Coo(H) for every E € 9N, i.e. if &7 is Pettis integrable.

More precisely, previous Theorem actually states that f g @ dju is compact for
every E € 9N if and only if for every ¢ > 0 there exists § > 0 such that for every
E € M, w(E) < § implies || [ & du|| < e.

We also provide some sufficient conditions for the operator | o @/ dju to be compact,
without the assumption o7, € Coo(H) for almost every 1 € Q.

Theorem 2.5 Let <7/ : Q@ — B(H) be weakly™ integrable such that there exists an
orthonormal basis {e, },en of Hilbert space 'H and finite set T C 7 such that

lim [(Hren, entid|ldu(t) =0 forevery i €T 2.7
Q

n—oo

and

2
}:(Aum@wmmmﬁ < 4o0. 2.8)

i,jeN
i—j¢T

Then, the operator fQ o/ du is compact.

Proof By the definition of the Gel’fand integral, matrix representation of bounded
operator fQ o/ dp in orthonormal basis {e, },>1 of Hilbert space H is

f dp(t) = ( / <£ftej,ef>du(r)) .
Q Q i,jeN

Hence, the operator [, 7 dju is of the form B 4+ Y, .7 Ax where

/ (dhej.e)du(r), ifi—j¢T
Q
0, ifi—jeT.

(Bej,ej) =

’

while Ay are single diagonal operators whose entries are

/ (hems ensi)din(®) for n = max{l, | — k).
Q
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From the condition (2.7) of the theorem, as entries on the diagonal of A; converge to
0, we get that Ay is bounded and compact because

oo

A = Z [/ (e, en+k)du(t):| entk ®e, for kel

n=max{l,1—k}

where previous series converge in norm of space B(H). Operator B is Hilbert-Schmidt
by (2.8) and therefore operator fQ o/ dp is compact as the finite sum of compact
operators. O

We note that the operator from Example 2.2 is compact as a direct consequence of
previous Theorem.
We also give some applications of previous results.

Theorem 2.6 Let o7 : Q — B(H) be weakly* integrable, such that operators <7, are
positive and fQ o du is compact. Then the operator T : L (2, u) — B(H) defined
by

Tf=/ Jf(@)dv(1),
Q

where v(E) = fE o/ du, is compact.

Proof As already mentioned in the proof of the Theorem 1.3, for every E € 91, we
have v(E) < v(€2). Therefore v(ON) = (W(E) |E e M} C {A e B(H)|0 < A <
v(2)}.

Next, we note that the set K = {A € B(H) |0 < A < B} is compact in uniform
topology for every positive compact operator B. First, as K is bounded, by Alaoglu
Theorem it is relatively compact in weak™ topology and also in the weak topology,
as weak® and weak topology coincide on the bounded sets. Moreover, since H is
separable, weak topology is metrizable and therefore any sequence (A,);° | in K has
weakly convergent subsequence A, . Finally by the Lemma 1.2 A,, converges in
norm as well, hence K is compact.

As in the proof of [2, Theorem 8.b)] on page 55, every simple function g =
Zzzl arxe,, where 0 < ax < ar41 =< 1, can be written in the form g =
a1 Y kg XEe + 2 mn ok — k1) D Xk, Hence, set T({D 7y ek x£, 10 < g <
1, Ex € 97}) is contained in the convex hull of the compact set K and therefore is
relatively compact set. Hence, operator 7' is compact. O
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