MATEMATIKA 1- fizicka hemija

NEODREDJENI INTEGRAL

Kazemo da je funkcija F : X — R, X C R primitivna funkcija funkcije f : X — R ako je
F'(z) = f(z), z € X, ipisemo [ f(z)dx = F(x)+ C, C = const.

1. Osnovna svojstva

(a (ffx z) = f(z) dx
(

) d
b) [df(z) = f(x)+C
(¢) [M(z d:c:)\ff(x)da:, A eR/{0}
(d) [(f(z)+g(x)) dz = [ f(z)dz+ [ g(z)dx

2. Tablica osnovnih integrala

(a) [a™dx = nT11+C n#—1 (g) [a®dr={-+C,a>0,a#1
(b) fdx In|z|+C (h) [e*dr=e*+C

(c) 1+x2 = arctanz + C (i) [sinzdr=—cosz+C

(d) 2. =2In $+1)+C (j) Jcoszdx =sinz+C

de arcsinz + C de

e) fm_{ —arccosx + C (k fSinzm = —oote 0

f) f\/jfﬁzln‘x—kvﬂj:l‘%—c (1) COSQI—tanx—i-C'
Primeri:

1) f(ﬁ—i—l)(a:—ﬁ—l—l)dxzf(@—l) de = [23/2dz + [ dz = 2252+ 24+ C
2) [(622+8x+3)dz =6 [2?dr+8 [xdx+3 [ dv=22%+422+32+C

3. Integracija prethodnim svodjenjem na oblik diferencijala

Ako je [f(z)dr = F(z)+ C, z € X iz = p(t), ¢ : Y — R, ¢ - neprekidna i diferencija-
bilna, tada je [ f(¢(t)) - ¢'(t) dt = F(gp(t)) + C. Specijalno, [ f(azx +b) dz = LF(az +b) + C .

Primeri:

a(z
5) a26f$2 = % 1+((‘;))2 = carctan 7 +C
d L d(E) —
6) xQ;TaQ ~a (£)2,1 - %1 i—&—g +C



4. Parcijalna integracija
u, v - diferencijabilne funkcije: [wdv=wv — [vdu

Primeri:

D) fotnds =

u=Inzr = du=1dx ) .
T _z? 1 _ 22 2
dv:xdﬂfjv:% }—21111' 2fxd$ 21nx 4_|’_C

. u=x = du=dx .
2) fa:smxdx—{ do — sing de = ©— — cosx }— —z cosz+ [ coszdr = —x cos w+sinz+C

u=cosx = du= —sinzdzr
dv=e"dr = v=2¢"
u =sinx = du=cosxdx
:{ dv=e€e"dr = v=2¢€"
2] = e%(cosz +sinz) = I = S (cosz +sinz) + C

)I:femcosxdx:{ }:efccos:c—kfe””sinxdx:

} =e*cosz+e’sinz — [ e coszdr = e”(cosz+sinz) — I

w= ol = du= =2 gy
4) I, = f (inZQ)n = { ($2+(Z;i — dx :> /U(izzaQ) o } = (= 2+a2 n+2nf ﬁdl‘ =

= (z 2+a2)n + 2nfm 2na2f x2+a2 n¥l — (foaz)n + 2nIn — 2na In+1

1 2n—1 1 T
= Int1 = 5,2 ($2+a2)n + 5 alpy, n>1, I = Sarctang +C

5. Smena promenljive

a) x = ¢(t), t- nova promenljiva ¢ - ima neprekidan izvod po t i ¢/(t) # 0
[ f(x)de=[f(e '(t) dt

Primeri (trigonometrijske smene):

1) [Va? —2?dx smena: z=acost
2) [Va?—a?dr smena: z= %
f va?+z22dxr smena: x =atant

b) u=1(z), f(z)dr=g(u)du
[9(w)du=F(u)+C = [ f(z)de=F((x)) +C

Primer:

L du
[ T‘f_?:{smena: u:5x—2}:f5\/% =2/u+C=2%/bx—-2+C

6. Integracija racionalnih funkcija

R(z) = ggg = T(z) + Q(( >) P,Q,T,r - polinomi i degr < degQ
deg@ =n = (@ - ima ta¢no n- nula (prostih ili viestrukih, realnih ili kompleksnih)
Q(x) = Xo(r — a1) (z —a2)® ... (v — ap)™ (2 + byw + c1)" (22 + bow + )2 ... (22 + byw + ¢4)le

k:l+]€2+...+kp+2(l1+l2+...+lq)

R(x) = ﬁ A R(x) = % - proste racionalne funkcije
T(Z‘) _ Aqq Aqo A1k1 ;D2 Apkp
($)_(x a1+(:pa)2+"'+(:c—a1)kl ot xap+(xa)2+ + ot )+
Bz+C1y By a+Cuny Bpz+Ca M
(z2+b1z+c1 -+ (x24-byz+c1)l1 Tt 224bgr+cq Tt (x24-bgz+cq)la
Primeri:
241 — S5a?—6r+1
1) f 23 —522+6x dr = f <1 Rl 52246z d
522—6x+1 _ 522—6x+1 A_I_ B + C _ A(x?-5x+6)+B(22—32))+C(x?—2x) _ (A+B+C)x?+(—5A—-3B—2C)x+6A
x3—-bx?2+6x ~ z(z—2)(z—3) = z ' x—2 -3 z(z—2)(z—3) - 3 —5x2+6x



A+ B+ C=5
5A+3B+20=6 = A={, B=-5,C=%2
6A =1

3
i 7x3f5;i_6$dx = (1 +a— 72@9_2) + 73(;?3)) dz =z+§In|z|—JIn|z — 2[+Z In|z — 3+C
2) fz3f§x+2 dzx

z _ (B4+0)2?4-(A+B—-2C)z+(2A—QB+C)
P s Bl (o ) . ey Bl o 1)2 +0r i = P B0+2
B+ C=0
A+ B-20=1 = A=1 B=2 C=-2
2A+2B+ C= 0
3+1 _ 2 d 2 [ dx _ 1 2 2
[ ottmdr =3 [ 5+ 3/ & -5 5= s t§lnlz— 1~ §nfz+2|+C
d
3) x3-ai:-1 5
1 Ba+C _ (A+B)z2+(—A+B+C)z+(A+0) _ 2
2341~ z+l + z2f:v+1 - z3+1 :> A= , B = 3’ C= 3
de 1 [ d 1 —2 ~1 _
x3f—1 - 3 ﬁ — 3 :cf—x—i-l dr =3 z-‘,—l -3 f :c2 x+1 dr + 5 f J:2—z+1 -
:% xd*ﬂ—% d;:f:f +1 f I gln\x—i—l\—gln‘x —x+1‘+%arctan2f/_§l—l—0
4
7. Integrali oblika I, = [sin™x cos" z dz, m,n € N
) m=2k+1, k>0: Iy, =— [sin?*z cos" v d(cosx) = — [(1 — cos? x)* cos™ x d(cos x)

Analogno za n = 2k + 1

Primer:
11

[sin?®z cos®z dz = [sin!®z(1 — sin? 2)d(sinz) = Sinﬂ T _ Sln z 4 O

2) m=2k, n=2[

Transformacije: sin?

x = 2(1 —cos2x), cos?xz = 1(1+ cos2z), sinzcosz = §sin2z
Primer:

[sin*z cos’z dz = [(coszsinz)?sin®x dx = [ 1sin?2x - 3(1 — cos 2z) dz =

= 1 [(sin? 2z — sin? 2z cos 2z) dz = § [ (1255342 — sin? 22 cos 22) =

= 15 [ do — {5 [cosdx dz — & [sin? 2z d(sin 22) = j50 — & sindax — j;sin® 2z 4+ C

8. Integrali oblika [ R(sinz, cosz) dx,
R = R(u,v) - racionalna funkcija, u = sinz, v = cosz

1) R(—u,v) = —R(u,v) - smena: t = cosz
Primer:
de  _ i _ [ —dt —1
sinz = J Tocos?z 4= | 1= = ln‘t+1‘ +C=1In Eﬁiiﬂ’ +C
2) R(u,—v) = —R(u,v) -smena: t=sinx
Primer:
cosx _ [ dt 3 1
fsin4:r:dx_ tj__it +C__3sin3:t+c

. _ : _ _ 1
3) R(—u,—v) = R(u,v) -smena: t=tanz, x € (—g, g) , sinx = \/117, COST = =g

Primer: .
dt 2
f sin? :cd:f:os2x = f t14+t2 1 f (1+t f (t_4 + 2t_2 + 1) dt = 7%t_3 o 2t_1 +t+c =
m 12
1

:*m +tanl‘+c

tan T




4) opsta smena: t =tang, r € (—7m,7), dr=

2dt : _ 2t _ 1=
1420 ST = 759, COST = 747

Primer
1+t2

1+smx+cosm _f T 2t 12 t—i—l ln‘t—i_l’—i_c 1n‘tan%+1|+c

1+t2 + 142

9. Integrali binomnih diferencijala I, = [ 2™ (a + ba™)P dz, m,n,p € Q

)

p €Z-smena: x =1t", \- najmanji zajednicki sadrzalac imenilaca brojeva m,n

Primer:

SVEL+ ) e = ot (14a3) T d

m:%, n:%, p=-1€Z, A\=NZS(2,3) =6 = smena: x =t°
f\/f(l—i—%)_ldm:ft3(1+t2)_1-6t5dt:6flfr—sﬁdt:6f(tﬁ th+ 2 +1+ 1+t2> dt =
— 847 — 645 4 23 4 6t + Garctant + C = S5 — $x6 + 222 + 66 + Garctan Yz + C

mTH € Z - smena: ¢ = (tyga)% , V- imenilac broja p

Primer: L

i 1fwda::fx<l+x%> * dx

m=1,n=3% p=—3 "l =3€cZ v=2 = smena 3:—(752—1)

fmdx:f(t“)f 3t(t2 )2 dt—3f (2 —1)2dt =365 263 4 3t + O =
2

mTH +p E€Z - smena: x = (tlﬁ"b)}z, v - imenilac broja p
Primer:
fmdx:fx%@—x? 3
1 1
[V3z —a3dr= [ <t3il * (3* t3i1)§ : _32\/§(t3j-21)% =-3/ (t3+1

10. Integrali oblika [ R(z, vaz? + bx + ¢) dz — Ojlerove smene
R = R(u,v), ax?®+ bxr + ¢ = 0 - nema dvostruko resenje

1)

I Ojlerova smena: a > 0, smena: Vax?+bx+c=1t+ /ax

Primer:
2(1 1’+1‘ )

for f+x+ {smena Vrz+r+1 :t—az} :fi_ 202 g4 —
:f(_?_i(%—lﬂ +%> dt = —2Int| + 5 2t sy + +3m2t—1+C=
=2In(z+vVz?+zx+1)+ 3 +3m2z+2vVal+z+1-1)+C

2(21’+2\/x2+a:+1—1)

IT Ojlerova smena: ¢ > 0, smena: Vaz?+bx +c=xt+/c

Primer:
d 2 g 1-t—t2 1
f1+\/:§+mﬁ {smena Vi+z—22 =tz 1} /2 1JrtQQtalt

dt 1+4t—¢2 t2 —
=2[4%_ 1+t2 dt— [ NiFTEE dt — 1+t2 dt =2Int — arctant — 1+t2

=1—+V1+a— 22— arctan 1 1tz—z? VILT—2® 4 In(3 —z+2V1+x —22) +C

—In(1+t)+C =



3) III Ojlerova smena: az? + bz +c=a(z — \)(z — ), X\ #p, A\ p€R,
smena: Vaz?+br+c=tlx—N) V t(x—p)

Primer:
f\/Qxfod:U:{smena: \/2x7x2:tx}: tf—flﬁdt:fSIﬁdt:

/ ./
11. Integrali oblika [ R <a:7 (?/iif)pl n17 ’(?ﬁiif)pk nk) dx
Smena: z = fff;ﬁ, n=NZS(ni,na,...,ng)
Primer:

dx
f V2e—1—Y22—1
a=2, =-1,v=0,0=1,pr=p2=1, n1 =2, no =4 = smena: x =

J o = [ 3t =2y dt =2 (t+1+ 7 ) dt =2+ 24+ 2t — 1]+ C =

=2z —1+42¥2r -1+l |2z -1-1|+C

ti41
2




